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In this paper, the hydrodynamic and elastic forces arising in simple discrete and
continuous systems impacting on the water surface are investigated. Both the
impact of a single rigid wedge and the case of two elastically coupled bodies, where
the lower one is wedge directly plunging the water, are studied. The analysis is
performed by a simplified theoretical model and by a numerical simulation of the
fluid-structure interaction. The concepts of residual and overall shock spectrum of
the slamming force are introduced. The attention is then addressed to the case of
a continuous flexural system. By an envelope analysis of the displacement response,
related to the hydrodynamic force spectrum, a slamming shock spectral expansion
is introduced. This model is able to provide some insight into the structural
response during the impact. The characteristic maxima in the time histories of the
elastic deformation are theoretically evaluated in terms of the impact quantities,
such as the deadrise angle of the wedge, the entry velocity and the structural
parameters. Results obtained by numerical simulations validate the theoretical
predictions. © 2000 Academic Press

1. INTRODUCTION

The design of modern high-speed vessels makes it clear that extreme care must be
devoted to fluid-structure interaction problems. In particular, dangerous impact
phenomena occur in fast marine vehicles, leading to severe pressure load conditions
of the hull structure. The prediction of the pressure and structural stress are of
paramount importance, providing the tools for a better safety in ship design. This
topic belongs to hydroelasticity theory, particularly developed in ship science, and
illustrated in some fundamental works by Bishop and Price [ 1], Bishop et al. [2],
Price et al. [3], Korobkin [4] and Faltinsen [5].

In spite of the scientific and technical interest for this topic and some remarkable
works produced in this field, a full understanding of this complex impact
phenomenon is still missing.

Nevertheless, some basic phenomena occurring during the impact process are
well recognized. In fact, simple considerations show that, even though the water is
usually treated as incompressible, water compressibility effects are of some importance
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in the early stage of the contact. Actually, the intersection between the body and the
free surface expands with a velocity that strongly depends on the body’s shape. For
a cylindrical body, impacting parallel to the free surface, the wetted area is bounded
by two lines that move along the body surface with a velocity depending on the
local deadrise angle. For flat-bottom profiles, this velocity may become very large
and sometimes even larger than the speed of sound in water. In such a case, the
contact body surface acts as a supersonic source disturbance, implying that a
compressible model should be employed to describe the fluid dynamics of the impact.

In this context, Skalak and Feit [6], by using the acoustic approximation,
determined the pressure distribution and the total hydrodynamic force for
a semi-infinite wedge entering the water with a constant drop velocity. Using
the same basic assumptions, Korobkin [7] developed a general theory for the
compressible stage of the impact, providing a closed-form solution for parabolic
profiles and a solution by quadratures for a large class of contours.

However, even when a first supersonic edge condition initially holds, a second
subsonic stage of the impact occurs, due to the combined effect of velocity reduction
and possible increase of the deadrise angle. The edge velocity becomes subsonic and
an essentially incompressible stage takes place. Rather simple but effective models
to study the problem were introduced by Von Karman [8] and Wagner [9], by
assuming that the velocity field around the wetted part of the wedge can be
approximated by that around an expanding flat plate. The Von Karman model
considers a flat free surface while the Wagner approach accounts for a free surface
deformation leading to a more reliable result.

More recently, the water entry problem has been analyzed by a numerical
approach by Zhao and Faltinsen [10]. Through a boundary element formulation,
they simulated the flow around a wedge for different values of the deadrise angle. In
view of the extension to three-dimensional problems, the model has been
successively applied to axisymmetric bodies [11]. In a recent work, Xu et al. [12]
considered the problem of an axisymmetric vessel impact.

The problem of the structural response to the slamming load has been studied by
several authors by both theoretical and numerical approaches. Recent works on the
subject are those of Kim et al. [13] and Kalsvold and Faltinsen [14] in which the
impact of a two-degrees-of-freedom (d.o.f.) elastic system and that of a beam are
considered respectively.

In the above presentation, other occurring phenomena, such as the surface
tension and air cushion, may be considered. Although affecting the fluid dynamic
solution, surface tension does not change significantly the hydrodynamic load. On
the contrary, for rather flat bottom geometries impacting on a rough sea, the air
trapping may sensibly affect the pressure distribution and, thus, the total load on
the hull. A survey on the subject is provided by Korobkin and Pukhnachov [4].

Most of the works developed in hydroelastic impact account for a constant entry
velocity. In such a case, the hydrodynamic force on the body entering the water is,
at least at an early stage of the impact, a quantity increasing with respect to time: in
fact, the velocity is constant but the wetted area increases and it is responsible for
the hydrodynamic force growth. Moreover, most of the scientific literature provides
the results of the hydroelastic impact by using numerical tools. Although this
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analysis provides accurate results even for complex systems, generally a full
understanding on how each parameter plays its role in the phenomenon is not
easily recovered by numerical simulations.

In the present paper, a different point of view of hydroelastic impact is
introduced, aimed at finding closed-form relationships providing the maximum
structural elastic response in terms of the whole set of impact parameters. In this
frame, the body velocity reduction during the impact plays a key role in the
maximum elastic response. The sudden velocity decreasing when the structure hits
the water surface, tends to reduce the hydrodynamic force, while an opposite effect
is due to the wetted increasing area. In the first stage the second effect is dominant;
in the second short stage the two opposite phenomena find a balance and in the
third stage the first effect definitely prevails. This leads to a characteristic time
history of the hydrodynamic force. Initially it grows very fast; then a characteristic
maximum peak follows and finally it decays.

The shock nature of this finite energy signal has here suggested the use of special
and fruitful tools of analysis. One of these is certainly the shock spectrum. In fact,
for finite energy input signal injected into a linear system, it provides the maximum
of the output as a function of the system natural frequency. Moreover, this results is
found without a direct solution of the problem; thus it seems to be a potentially
attractive approach.

This results can be achieved only when a sharp characterization of the input force
is available. Thus, a suitable simplified hydrodynamic model is also proposed and
the impact force spectrum is determined in closed form. A systematic comparison is
also made with a numerical model that fully accounts for free surface effects and
non-linear hydroelastic interaction and with experimental results.

In the following a shock-spectral approach to water impact is systematically
stated, dealing with a simple one-mode system and a multi-modal structure. The
result seems to be promising, since the proposed method presents the following
characteristics:

— not a direct solution of the problem is needed; this allows to recognize directly
the effect of each parameter on the structural response and some simple
interaction principles clearly arise;

— the method can be employed for wide parametric analyses, e.g., in order to find
optimal design of the impacting system, since it does not require to develop each
time a direct solution of the problem. This fact is relevant because numerical
simulations of the hydroelastic coupled problem are extremely heavy, especially
in view of parametric investigations;

— following the outlined procedure for a multi modal system (plate case) it is not
difficult to generalize the approach to more complicated structures, eventually
described by a finite element model.

These reasons seem to provide a good motivation for attempting this new
approach to the water shock.

The basic result presented in the paper concerns the derivation of simple
closed-form relationships that predict the value of the physical quantities, as the
entry velocity, carried out impacting masses, the stiffness of the elastic connection



582 A. CARCATERRA ET AL.

(or thickness, length and elastic constant for a flexural system), the deadrise angle that
lead to a “dangerous” elastic response, i.e., to a maximum of the elastic force and stress.
This particular combination of parameters is referred to in the following as “critical
condition”, which is determined in the paper under some particular assumptions.

The simpler considered system consists of two masses, where the lower one is
a rigid wedge directly impacting the water. The attention is focused on the
incompressible stage and, for this reason, the deadrise angle is chosen large enough
to avoid supersonic edge conditions.

The study is carried out by using both a theoretical approach and a numerical
model able to provide the slamming force.

The theoretical model is based on a simplified representation of the
hydrodynamic force in terms of the actual depth and drop velocity of the impacting
body. The study of the impact of the single wedge provides an analytical solution of
the problem that turns to be useful for the theoretical prediction of the occurrence
of critical conditions in the case of impact of an elastic system. In fact, a general
analysis can be performed by using the concept of shock spectrum that leads to
some general properties of the water impact force.

A second mathematical model is provided for the analysis of a wedge with elastic
sides, flexurally deforming (plates). In such a case, a convenient closed-form spectral
solution is provided. By using the hydrodynamic load determined for the rigid wedge
case, both an inertial and a travelling pressure load are applied to the dropping plate.

In order to provide a characteristic relationship between hydrodynamics and
structural response, the envelope of the time history at each plate location is
determined by using the Hilbert transform. Its maximum is then evaluated by a
generalization of the slamming shock spectrum concept, by eliminating the time
dependence. The obtained spectral expansion is then modified by a suitable use of
the Schwarz inequality that also allows for the elimination of the space dependence.
Finally, a dimensionless form of the maximum envelope response leads to a simple
spectral expansion in terms of the main parameters involved in the impact
phenomenon.

The theoretical analysis is compared with some numerical results. In this case the
solution of the hydrodynamic problem is obtained by a boundary element
formulation that solves the Laplace equation in terms of the velocity potential in
a way similar to that proposed by Zhao and Faltinsen [10] but here accounting
both for a variable velocity and the hydroelastic coupling. A comparison is also
made with the experiment described in reference [13].

The theoretical model employed for the cases of a single wedge and of a 2 d.o.f.
elastic system is discussed in the next section, while in section 3 the mathematical
formulation for continuous structures is presented. Finally, the boundary element
numerical model to predict the hydrodynamic force is described in section 4.

2. THE HYDRODYNAMIC FIELD: AN APPROXIMATE SOLUTION

In this section, a simplified theoretical model for predicting the slamming force
time history for a wedge plunging the water surface is proposed with applications to
the rigid-body case and to simple elastic systems.
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Although more sophisticated models can be developed to deal with water entry
problems [10-12, 15] and a modified version of these is detailed in section 4
(accounting for a variable velocity and the hydroelastic interaction), the chance of
determining an explicit parametric dependence of the hydrodynamic force on the
quantities involved in the impact phenomenon is of fundamental importance in the
analysis of the present problem.

Following an approach developed in references [16, 17], the present method
allows for a simple analysis of the impact phenomenon leading to the analytical
estimate of two basic quantities: the maximum slamming force F* and the
characteristics time delay t* between the initial instant of the impact and the instant
at which the force peak occurs. F* affects directly the amplitude of the structure
response, while t* controls the peak frequency of the hydrodynamic force spectrum.

The hydrodynamic force acting on a massive wedge follows a characteristic
evolution. On the one hand, the drop velocity decay causes a reduction of the
slamming pressure while, at the same time, the wetted length increases. In the first
stage of the impact, the latter effect dominates over the former and an increasing
trend of the force is observed. At t* the two opposite phenomena find a balance and
a characteristic maximum is reached. Successively, the velocity reduction prevails
against the increase of the wetted length and the slamming force definitively decays.

Let us consider a two-dimensional wedge of mass m per unit length, impacting on
the water surface with an initial drop velocity vy. The equation of motion simply
reads m{ + F), = 0, where F, and { are the hydrodynamic force (per unit length) and
the depth respectively.

By simple considerations, based on the momentum conservation, the following
expression for the hydrodynamic force is obtained [8, 18]: F, = npvit. The
n coefficient is a function of the deadrise angle f of the wedge. Its expression
has been derived by several authors using theoretical analysis or numerical
computations. Following the approach of Von Karman [8] or Wagner [9]
(approximating the flow about the entering wedge with the flow around a flat plate)
n takes the form n = ny/tan? B, where y = 1 or n?/4 respectively. More sophisticated
models, as those developed by Vorus [15], Zhao and Faltinsen [10] and
Dobrovol’skaya [19], reveal that y is a function of the deadrise angle. Hence, the
hydrodynamic force is expressed by

Fy = mpy (B) vit/tan? p.

In the present analysis, the estimate of 7y, obtained in [10] by the similarity
approach [19], is used.

It is interesting to notice that if u is the added mass, the hydrodynamic force can
be written as F;, = d/dt(uv,). By a direct comparison of the two last expressions
of the force, u = p (n/2) (\/7(B) vot/tan B)*. Now, the added mass of a flat plate of
length L is p(n/2) L?, and then it is natural to interpret u as the added mass of
a plate of length . /9(f) vot/tan f. Since vyt /tan f§ is the length corresponding to the
geometric intersection between the wedge and the unperturbed free surface, | /7(f)
can be interpreted as a correction factor providing an estimate of the length over
which the hydrodynamic load acts.
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To estimate the typical maximum of the hydrodynamic force, a model ac-
counting for the velocity decay must be necessarily introduced. When a variable
drop velocity is considered, a reasonable approximation for the hydrodynamic
force can be used:

Fy(6. ) = ¢, (1)

Vo tan [3

where the term v3, appearing in the Wagner solution, is replaced by (3. Moreover,
in view of a closed-form solution, the direct dependence of F, on time is eliminated
by letting t = {/v,.

With these assumptions, the equation of motion becomes

, . oY

ABL=0 here A = ————. 2

+ A0 =0, where motan® b 2

This non-linear equation admits an analytical solution that can be obtained by

introducing a variable transformation and solving the resulting equation by
separation of variables, leading to [7]

2V0

. , 2v 3
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Starting from equation (3), it is possible to obtain the relative maximum F* of
F,({) and the time t* at which it occurs. In fact, from the solution of the algebraic

equation dF,/d{ = 0, it follows that

5\* 2n V3 16 [ 2m tanp
Fr=F*) =(2] [= * / 4
W(E%) <6> 5 P tan 8’ =i = 15\ 5707 vo (

where {* is the depth at which the maximum occurs.

It is interesting to note that {* is simply related to t*, actually (* = {2 vot*,
indicating that, although responsible for the relative maximum of the slamming
force, only a small reduction of the entry velocity occurs up to t*.

A useful relationship between F* and t* can be also determined. In fact, simple
mathematics leads to F*t* = §9mv, ~ 0247 mv,, that is used in the following.

These results solve completely the problem related to the simple model
represented by equation (2). Their use in predicting the response of the elastic
system is discussed in the next section.

To validate the theoretical formulation, a comparison with an experiment
described in reference [13] is performed. The test case refers to a wedge with
a deadrise angle of 23°, a mass per unit length of 398 kg and an initial drop velocity
vo = 69 m/s. The theoretical prediction of the vertical acceleration is in good
agreement with the experimental data (Figure 1).

Although this simple approach provides the hydrodynamic force, the actual
pressure distribution is still unknown. However, it must be computed when
considering a continuously deforming system. In fact, although several
simplification hypotheses will be introduced in the next section for the plate water

~—
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Figure 1. Comparison between the theoretical and the experimental vertical acceleration versus
time. + , experimental; ——, theoretical.

entry, that do not involve directly the pressure field, it must be determined to
provide comparisons between theoretical and numerical results.

Zhao and Faltinsen [10] demonstrated that, following the theory of matching
asymptotic expansion, it is possible to determine a composite solution for the
pressure distribution around a wedge when a constant drop velocity and small
deadrise angles are considered. In this procedure, the flow field is divided into an
outer and an inner region. The former is solved by the above-mentioned expanding
flat plate approximation [9], that provides the wetted length ¢(¢), i.e., the length of
the portion of the wedge side directly in contact with the water, bounded by the
intersection point between the body and the free surface. In the latter region, close
to the edge of the wetted area, the details of the jet flow around the abscissa c(t) are
analyzed.

The pressure field is given by

vocl(c? — x?) Y2 — pvoeé(2e(c — x) V2 + 2p 2|21 + |1V,
for0 < x <eg,
2p* TP+ ||V?)72

for x > ¢,

p =
where ¢ = (n/2) vot/tan f8, ¢ = (n/2) vo/tan f. Moreover, the parameter v appearing
in the previous relationships varies from 0 to oo, and is related to the abscissa x by

0 1/2
x —c=—(—Inlt| —4|z|'* — |z] + 5).
T
These results hold for a constant entry velocity.

To account for the velocity decay, the pressure field can be rearranged by letting
c= \ﬁ(: /tan f3, consistent with the approximation made on the hydrodynamic force.
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With these positions an approximate pressure distribution is obtained. However,
the integral of this pressure field over the estimated wetted length leads to an
hydrodynamic force similar to that obtained by the approximate analysis
developed in the first part of this section, and by the boundary element model
described in section 4.

3. A SHOCK SPECTRAL APPROACH TO WATER SLAMMING

In this section, the analysis of the response of an elastic impacting system is
investigated.

A 2 d.ofs and a continuous flexural system are considered. The pulse nature of
the slamming force, determined in the previous section, suggests an approach to the
problem by using the shock spectrum theory. The simpler discrete elastic system
leads to the concept of the slamming shock spectrum whose dimensionless form
allows for the prediction of the occurrence of critical conditions, as described in
section 3.1.

The behaviour of the elastic flexural system is more difficult and requires more
sophisticated mathematical tools. However, even in this case, a serial expansion in
terms of modal shock spectra is provided in section 3.2, once a suitable use of the
Hilbert envelope and of the Schwarz inequality is made, providing the slamming
shock spectral series.

3.1. TWO DEGREES-OF-FREEDOM SYSTEM

A simple system is investigated here, consisting of two elastically coupled bodies
of mass m; and m,. The lower one, a rigid wedge with mass m, directly impacts the
water, while the upper is suspended over the first one by a spring of stiffness k.

Although this is an elementary structure, it can be investigated as a prototype
system whose behaviour reveals important characteristics of the structural water
shock response. An interesting analysis of the impacting oscillator can be found in
a recent work of Kim et al. [13].

The search for the critical condition of the impacting 2 d.o.f.s oscillator is
proposed. For example, it could be requested to predict, when existing the critical
value of the stiffness k, i.c., the value that leads to the maximum amplitude of the
spring elastic force, once all the other impact parameters are given.

Since in the previous section the evaluation of the hydrodynamic force was
obtained, it is interesting to study under which conditions this force is almost
independent of the elastic force, i.e., when the motion of m; is substantially not
affected by m,. In such a case the hydrodynamic force analysis, developed in section
2, can still be considered valid.

Let us introduce, for simplicity, the non-dimensional parameters ¢ = pv3/k and
0 = m,/m;. When the elastic force F, satisfies the condition F,« F,, its effect on F,
is negligible. In terms of the non-dimensional parameters, this situation implies the

condition ./¢/0>tan . Hence, the suspended mass behaves like a mass on
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a foundation that receives a known shock acceleration of the form F(t)/m,, where
F, () is determined in section 2.

In this case, the shock spectrum technique can be profitably used to predict the
maximum response of the suspended mass as a function of the natural frequency

Jo = 1/(2m)/ k/m, of the system itself. The residual shock spectrum S (f,) represents
the maximum response of the system for ¢ > T, where T is the time duration of the
shock waveform, i.c., the maximum amplitude of the vibration response when
a stationary oscillation is reached [20, 21]. S (f;) is related to the Fourier transform
Z of the shock signal by the following relationship:

S(fn) =21 ful 7 (fu) | )

Even though equation (5) could be directly employed to provide the shock
spectrum once the hydrodynamic force is known, a more general and even simpler
result can be obtained by introducing a suitable non-dimensional form of the
hydrodynamic load. If relations (4) are rewritten in terms of the following
non-dimensional variables: f = t/t*, { = {/(*, F, = F,/F*, the hydrodynamic force
takes the form

3 2
o0 |5 | & v SR @
v|24 )y poot*)* my(f) 2 \16

Equation (6) reveals that the slamming force is invariant with respect to the
impact parameters when this particular non-dimensional form is chosen. This
allows an analysis that is not case dependent and the spectral properties of the
slamming force can be investigated once for all by using the previous equation. The
shock spectrum of the force

gRES (j7n) = 27TJ7:1 | ﬁ{ﬁhﬂ (7)

is represented in Figure 2 versus the non-dimensional frequency f, = f, t*. The
actual elastic force can be determined by multiplying the residual shock spectrum
by the maximum hydrodynamic force F* and by the mass factor 6 = m,/m;. By
direct inspection of the shock spectrum curve, it appears that the relative maxi-
mum occurs at f, >~ 0-2 and, hence, the critical frequency can be estimated as
fCr = (fn t*)cr =02.

The asymptotic residual response does not provide the maximum vibrational
amplitude of the system during the transient excitation (i.e., when t < T'). To this
end the overall shock spectrum must be computed. This requires the direct
evaluation of the absolute maximum of the elastic response. Even in this case
a single characteristic overall spectrum is determined, capable of dealing with any
impact condition. By using the non-dimensional quantities introduced earlier one
has for the elastic force,

Ft )= f YL = (F/F1 F{F\} e d].

Thus, the slamming overall shock spectrum is

Sov(f)) = max {F. (& f)}, 0<t< 0.
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Figure 2. Shock spectrum of the hydrodynamic force versus the non-dimensional frequency.

Again the actual elastic force is determined as a function of the amplitude factor
F*6. This characteristic function has been evaluated and plotted in Figure 2. Its
relative maximum falls in correspondence of f.. = (f; t*),, = 0-34.

The determined conditions f,,gps = 0-2 and f,,or = 0.34 have a general nature
and can be employed for the prediction of the critical values of any of the
parameters involved in the impact phenomenon. In fact, by making explicit the
expression of t* given in section 2, and the expression of f,, one has

tan B 1>_1577: 5T

(fn t*)cr =J7:'r = <\/m \/% o = ? 7 fcr

that allows one to compute the critical values of the required dimensionless
parameters once the others are given. This relationship provides a general answer
to the question proposed at the beginning of this section.

If one is interested in the critical value, e.g., of the elastic constant k, after simple
mathematics the parameter o, is determined, i.c.,

L5 laef 816 1 untp "
crRES — 471_3 5\1 y 5 crOV — 47'[3 5\) Y
and thus
2
o = 220 ©)

It is clear that a complete set of critical values of the impact variables can be
derived besides k,,, i.e., a critical velocity, deadrise angle, suspended and impacting
mass.
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It is apparent that, in correspondence with the critical condition, the maximum
elastic force has the same order of magnitude as that of the hydrodynamic one,
being Sgrs (i) & 1-3, Sov (i) ~ 1-8, at least if the mass factor J is of unit order of
magnitude. Therefore, in that case, it can be concluded that the initial assumption
F,>»>F, does not strictly hold. In this case, a strong coupling between
hydrodynamic and elastic force is expected. However, this does not affect sensibly
the estimate of the critical frequency and even the maximum of the elastic force
agrees quite satisfactorily with the numerical results. On the contrary, when 0 is
small, the analysis is valid in the whole frequency range.

In order to test these results, several impact simulations were performed by
varying the values of k and of ¢. The mass ratio is 6 = 1, while the deadrise angle is
10° and the corresponding y is 2-2. The choice 6 =1 is aimed to perform the
comparison even when F), ~ F,.

First the hydrodynamic force is determined via numerical simulation based on
a boundary element discretization of the free surface, whose details are given in
section 4. This force is directly applied to the impacting mass and the coupled
hydroelastic equations are solved. The maxima of the elastic force obtained for each
elastic force time history, corresponding to different values of g, are plotted in
Figure 3. The same simulations are performed by using the hydrodynamic force
expression derived in section 2, and a good agreement is shown in Figure 3. The
shock spectra provide a priori the critical values ooy = 0:00042 and oggs = 0-00135.
The numerical simulation finds ¢ =~ 0.0008 that falls into the interval [ogy, orEs]. It
is a quite good result especially considering that, in that region, the curve appears
to be rather flat.

3.2. CONTINUOUS FLEXURAL STRUCTURE

In this section, some general properties of the elastic response of a wedge
consisting of two elasticity deforming sides are investigated. The technique is based

11-0 T T
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Figure 3. Maxima of the elastic force versus a: —+—, numerical; - x —, theoretical.
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on the idea of a shock spectral approach that is carried on by using the Hilbert
envelope [22], the Schwartz inequality and some results of the previous section.

More precisely, the theoretical analysis of the structural response follows the
steps listed below:

« statement of the basic governing equations,

« analysis of the time-domain Hilbert envelope,

« application of the Schwarz inequality and definition of the water shock spectral
series.

Some simplified hypotheses are accounted for:

(i) The structural deformation is small and does not affect the flow around the
wedge. This implies that the motion of the centre of gravity of the wedge corres-
ponds to the entry of a rigid body. Thus, the model developed in the previous
section is still valid to predict the total force on the structure.

(i1) The effect of the added mass is neglected when considering conditions in
which the wetted length is small with respect to the vibrating length of the plate.
This allows to neglect the effects of the fluid inertia by studying the bending
response of the plate.

Therefore, the added mass associated with the rigid-body motion is accounted
for by the hydrodynamic model developed in section 2 and by the numerical
solution given in section 4. The added mass related to the elastic deformation of the
plate and the structure-fluid coupling are indeed neglected (i), (ii). These
simplifications allow to determine the shock spectral approach capable of
providing simple parametric dependencies of the bending moment on the impact
quantities.

Further simplifications will be introduced during the derivation of the spectral
solution and will be discussed later on.

The formal consequences of hypotheses (i) and (ii) are detailed in the following
sections.

3.2.1. Basic governing equation

Following the scheme of Figure 4, let us introduce two different reference
systems, Ry (xo, Yo, Zo) and Rg(xg, Vg, Zg), the first fixed on the water surface while
the second, with axes parallel to those of the first, follows the wedge centre of
gravity G.

Neglecting the three-dimensional hydrodynamic effects at the edges and using
the result of section 2 and hypothesis (i), the motion of G is described by
mlg + F, = 0, where m is the total wedge mass per unit length along yg and {4(t) is
the centre of gravity displacement with respect to R,. The total mass consists of two
contributions: the first 2m, is the mass of the impacting flexural structure
(consisting of two plates), while 2m, is the carried mass. In the following
developments, it is easier to express the total mass m in the terms of the mass of
a single wedge side (m,), 1.e., m = am,,.
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Figure 4. Structural model and reference systems.

The plate’s structural model has to take into account the following effects:
(i) a hydrodynamic pressure load p,,, moving along x with velocity v, and (ii) an
inertial uniformly distributed load on the plate, proportional to (s (see Figure 3).

Assuming that each plate behaves as an infinite along yg, according to the
hydrodynamic model, the y; co-ordinate disappears in the equation of motion.
Taking advantage of the symmetry of the problem, it is possible to study only the
elastic response of one wedge side. Moreover, in the following (as in section 2), we
refer to a unit length along the ys; co-ordinate.

Let ,(xg, t) be the relative elastic plate’s deflection with respect to Rg. Therefore,
the displacement {(x,, t) of a plate’s point P(xg, yg) With respect to Rg is {(xg, 1)

= {,(xg, t) + {g(t). Consequently, the plate’s equation reads
84 Ce 62 Ce aZCG _

h—==p,— ph—5 = 1
axg+/05 52 = D psh 52 =D (10)

where p, is the material density, D = Eh3/12(1 — v?) is the plate stiffness, E and v,
being the Young’s modulus and the Poisson ratio respectively and & the plate’s
thickness.

The equation of rigid-body motion allows to express 02(/0t? in terms of F(t),
known from section 2. In fact, the following relationship holds: Fy,(t) = m,0.0*{s/ot>,
so that 02{;/0t* = F(t)/m,. On the other hand, the pressure field p,, is not simply
recoverable. When a variable drop velocity is accounted for, a suitable expression
of the pressure field can be found by substituting the actual drop velocity into the
Wagner expression, as described in section 2. This approach will be used later to
produce comparison results.

In the present section, aimed at studying in closed form the bending shock
spectral properties, the hydrodynamic travelling pressure load is replaced by
a moving rectangular pressure distribution, whose front is applied in corres-
pondence with the end of the wetted length of the wedge. Moreover, the load is
supposed to move at a constant speed v,, while actually a weak decrement of it is
predicted by the theory (see section 2).

The amplitude of the travelling pressure is simply obtained by its space-average
at time t, i.e.,

D

_ Fy(0)
Pw = 2v,t

1 for xg < v,t,

W (x¢), Wi(xg) = {

0 for xg > v.t.
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In this way, the r.h.s. of equation (10) takes the simplified form
W(XG) 1 :|

p(Xg, 1) = Fy(t) [ o oL

Let us express the plate elastic motion by a modal expansion, ie., {.(xg, t) =
Z;O: (Di(x6)qi(t), P, gx being the eigenfunctions and the normal co-ordinates
respectively. The Lagrangian co-ordinates are recovered by solving the equations

L
Qi+ Ak = J P(xg, 1) Pr(xg) dx = L (2).
0
In the following, simply supported ends are considered and thus the
eigenfunctions are simply harmonic. Although this is a particular case, the results
obtained are significant for understanding some basic effects related to the
slamming load on the structure. By using the determined expression of the pressure
field, after some mathematics one has

2 F(((=1y—1 L kv, t
Ik(t)—\/m:p p— < " +2v6t[l—cos i3 })

where v, = vq \/;/ tan . Again the wetted length correction factor ﬂ has been
used. Starting from this expression, some relevant properties of the solution of the
plate’s equation can be predicted on the basis of the studied slamming shock
spectrum.

3.2.2. Structural response via the Hilbert envelope and Schwarz inequality

The kth Lagrangian co-ordinate is determined by the convolution integral

1 * .
qi(t) = — f I (t)sinwy (t — 7)dt
Wi Jo

Since F,(t) = 0, when ¢t < 0, the lower limit of the integral can be substituted with
— o0. Moreover, the slamming force rapidly decays because of its pulse nature. In
fact, from section 2 one has that

F*

F
F,(t) 0 when t > nt* <if n=2_8-— 0 < 0-1)

Therefore, when ¢ > nt*, the previous integral is replaced by

qx(t) = L Jﬂo I (t)sin wy (t — 7)dr.

(007 R
Let us now introduce the Hilbert transform H. The analytic signal associated
with the kth generalized co-ordinate is §, = g + jH{q;}. The modulus of the
analytic signal provides the so-called Hilbert envelope [22], that is actually the
envelope of the time history of the signal itself. This analysis is extremely useful to
cancel out the time dependencies of the system response while holding its maximum
value.
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By using some basic properties of the Hilbert operator (see Appendix A) it
follows that

. o .

‘}]\k - _ L eio j I, (’L’) e ot dr = q\k - i eIt F, {Ik (t)}
Wy — Dr

where Z, denotes the Fourier transform of kernel e /. Consequently, an analytic

elastic displacement {, can be also defined as

5 2
Cken = et (L = 3 Josin 2 Gt (i

P

The introduction of a dimensionless analysis is convenient. The plate’s
non-dimensional natural frequencies are f, = k% f; = k2 (f; t¥), where f; is the first
natural frequency of the structure. After some mathematics (see Appendix B) the
non-dimensional analytic signal is obtained:

A 't" e2mk iz
Gl _ o /k{lk}’ (12)

N

where ¢ = 64 \/5/243 and

+ o0
%(»:J () e hidr

— o0

> I Fy (1) (—1)"—1 L >
I P \/Z/mp vy < " 4f ~[ cos2nk f, ]

where f, = v, t/2L. Therefore by substituting equation (12) into equation (11) the
elastic beam deflection is expressed by

> o~ & t) & sin tkX
t =
eank‘]lt xG

Zk=j k ﬁk{fk}a )2 L

By separating the real and imaginary parts in the previous relationship one
obtains

CeRz sinnki
J“znflk ) Kk

C.r.1» Zxr.s being the real (R) and the imaginary (I) parts of the corresponding
complex quantities.
The application of the Schwarz inequality [23] allows one to write

© sin knx *  sin knxJ/
A Z
e [z bt 5,
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Moreover, the dependence on the dimensionless space co-ordinate can be
suppressed by using the following inequality:
i sin? knX - n? 1-93< n?
= kK T2 =8
where the Fourier expansion of (1 — X) X is performed. By combining the previous
equations, the modulus of the dimensionless analytic displacement satisfies the final
inequality:

T & &

S S NEN

This is the condition holding for the Hilbert envelope of the elastic beam
displacement with respect to the time variable. The written inequality is satisfied at
any time and for any point along the plate.

This equation deserves some comments. It is important to note that both the
time and space dependencies are suppressed and the terms on the r.h.s. actually
depend only on the elastic and impact parameters of the problem. Therefore, we are
now able to discuss the upper bound of the elastic residual displacement (by its
envelope) in terms of the characteristic parameters of the problem, by a way
analogous to that developed in section 2.

3.2.3. Definition of the water shock spectral series

The last step consists of further developments to provide the required spectral result
in terms of the internal elastic force on the plate. In particular, the water shock spectral
series is introduced. Let us approximate the analytic residual bending moment by
DC e
L?

My ~ n? (13)
After some mathematics and using the result of the previous section, the
following expression is obtained (see Appendix C):

M 1 z 82 ~ o s 1
poiz \5<_5> t\/;f kgl %, Sk =27 fil 71 (L) |, POZEPw"%,
where S, defined in analogy to the shock spectrum given in section 2, is the water
shock spectrum modal component. This relationship provides the dimensionless
bending moment M in terms of the all the involved parameters, i.e., , f;, f, and f.

Although the explicit form of the spectral functions S} is obtained in Appendix D,
its physical meaning is discussed below.

Two different spectral contributions play their role in the shock spectral
components: the inertial slamming spectrum S and the travelling slamming
spectrum S

gk (aaflafe) =

| My| =

(-1 -1
ok
o L[S Gk L SO G kT

+ 4k f, ST () = 8k f, [ 1+ 1./ fr) * 1 —7./(k* f1) }‘ (14

SO
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They are complex functions, formally similar to the residual shock spectra of
a known slamming signal.

The first, S?, is just the residual shock spectrum of the slamming force F) as
introduced in section 2, but in complex form because it does not involve the
modulus of the Fourier transform (see Appendix D). It is related to the structural
excitation induced by the inertial effect, i.e., by the sudden deceleration produced
when hitting the water surface. Of course, each mode reacts to this excitation and
the corresponding spectral contribution is represented by the first term on the r.h.s.
of equation (14). It is obtained by the residual shock spectrum of the rigid body
entry where the frequency argument is replaced by f; for each modal contribu-
tion. The second term on the r.h.s. of equation (14) accounts for of the travelling
pressure load. S is the complex residual shock spectrum of the signal F,/f that
characterizes the spectral properties of a rectangular pressure distribution. Finally,
the term in square brackets, simply obtained by shifting the travelling shock
spectrum, is directly related to the speed of the pressure load that has also an effect
on the structural response.

The residual and the overall shock spectra are represented in Figures 5 and 6 for
both the inertial and the travelling load contributions.

It must be note that the moment associated with equation (14) is obtained in
terms of residual vibrations with some approximations. Therefore, a direct
comparison with the absolute maxima of the numerical simulations does not
provide a completely satisfactory agreement. Since some information about the
overall spectrum has been obtained in the previous analysis, this can be suitably
introduced into expression (13). Thus the original spectral series is slightly
modified, by introducing the average shock spectrum series leading to | M|y
defined as in Appendix E. The comparisons with numerical simulations are
performed with this last quantity.

25 T T T

Travelling (T) .

\

g
=1
2 15¢F / i
&
-~
8 10 - / \
@ f=02 Inertial (I)

05 / .

0 | | |
0 02 0-4 06 08 10

Non dimensional frequency

Figure 5. Residual shock spectrum for the inertial and the travelling load versus the non-dimens-
ional frequency.
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| 1
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Figure 6. Overall shock spectrum for the inertial and the travelling load versus the non-dimen-
sional frequency.

Therefore, the shock spectral series related to the bending moment is a function
of four parameters only: «, f;, f. and B. This simplifies considerably the analysis of
the impact problem and allows for the prediction of critical conditions in terms of
simple and general relationship among the three dimensionless quantities. These
conditions are investigated once and for all by analyzing the serial shock spectrum
and the results can be easily translated in terms of the actual physical quantities
involved in the phenomenon.

The expression provided reveals that when f, — 0, the travelling shock terms
vanish and only the inertial shock term survives. Moreover, the presence of the 1/k°
factor in the spectral series guarantees a fast convergence of the series itself.

The developed analysis neglects the possible modification of the flow about the
wedge due to the structural deformation.

This condition can be expressed in terms of the dimensionless variables of the
problem. When f,<« 1 the plate-water interface is localized around the vertex line of
the wedge and the local deformation is clearly associated with the plate slope 0 at
the vertex support. If 0« f, it can be reasonably assumed that the water-flow is not
affected by the structural deformation, i.e., the local deadrise angle is not sensibly
modified during the impact.

Therefore, condition (i) previously introduced, finds a suitable translation in
terms of the three dimensionless defined parameters. More precisely, it can be
written in analytical form (see Appendix F) as

(1) lexle = f;| 1 — O‘J7e|<<fl
besides the obvious one:
(ii) v, t* <L = f,«1.

Thus, the determined shock spectral series can be used correctly only under these
constraints.
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Some comparisons between numerical simulations and the results obtained by
the shock spectral series are presented.

The direct numerical solution of equation (10) is determined. The pressure
contribution to the external load has been determined by the Wagner theory [9] in
which the velocity, assumed to be constant, is replaced by the actual drop velocity
provided by equation (3). In Figure 7 a typical bending moment distribution is
plotted versus time. Several simulations of the elastic response are obtained by
varying f; and for each time history the maximum of the surface plotted in Figure
8 is kept. The results of this time-consuming analysis are compared with the fast
shock spectral series prediction. Both curves refer to f = 15°, f, = 0-16. The same
comparison is shown in Figure 9 and f = 15°, f, = 0-25. The agreement is quite
good. In particular, the relative maxima in the bending moment are located at
similar frequencies for the theoretical and the numerical predictions.

Bending moment

03
02
01
0
-0-1
-0-2
-0-3
-0-4

. T10

0-005 DU AR 704 Absci x

0010 g.015 . .. - o T2 scissa,

0-50 T T T T T

045 |-
£ 0-40 - 60 ©CT 0O 000
= Fou'd &
E o35 (o0
[ - .
& 030 | 049 Numerical i
o . .0000 / 55% simulation
g osf oo / ]
@ 020 [ @ Spectral =
-% 015 | series i
A 010 | -

0-05 ]

0 | 1 1 1 1 1
0 0-1 0-2 0-3 0-4 05 06 07

Non dimensional frequency

_ Figure 8. Comparison between the theoretical and the numerical maximum bending moment for
fo = 0-16: numerical <-O-<, simulation; spectral series.
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_ Figure 9. Comparison between the theoretical and the numerical maximum bending moment for
fe = 0-25: numerical &-O-O, simulation; , spectral series.

The differences can be attributed mainly to some hypotheses used in deriving the
spectral series. In particular, the pressure load has been replaced by a rectangular
travelling load and the bending moment has been obtained by the approximate
relationship (13). The first assumption is made for simplicity, while the second one
is needed because the spectral series, obtained by the exact expression of the
bending moment, does not converge.

4. NUMERICAL ANALYSIS OF THE HYDRODYNAMIC FORCE

In this section the analysis of the hydrodynamic problem of water entry is
developed following a more sophisticated model, similar to that described in
reference [10], but here coupled with the dynamics of the 2 d.o.f. elastic system
described in section 3.1. Thus the present hydrodynamic model accounts for
a variable drop velocity and for the hydroelastic coupling. In this case, the
theoretical formulation accounts for the free surface deformation, neglected in the
model developed in section 2 based on the plate potential theory [9], leading to
a non-linear moving boundary problem. Of course in this case the results cannot be
obtained in closed form but a numerical procedure provides the expected
hydrodynamic force.

The flow is assumed irrotational and the fluid inviscid, so that the velocity field
can be expressed in terms of the velocity potential ¢ that satisfies the Laplace
equation. This equation is solved by means of a boundary element formulation in
a computational domain limited by the body contour S and the free surface Si. By
introducing the two-dimensional free space Green’s function of the Laplace
operator G, at any point x inside the computational domain the velocity potential is

0
609~ | |22 w600 — 001 52 (v |asion (19
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where v, is the unit vector normal to the boundary, oriented inward to the
fluid domain and S = SzpuSr. Equation (15) describes completely the flow
field u = V¢ once the velocity potential and its normal derivative are known
throughout S.

Due to the impermeability constraint, the normal derivative of ¢ is assigned to
the body contour while, on the free surface, the velocity potential is updated
according to the unsteady Bernuolli equation. Actually, the pressure on the free
surface is assumed to be constant and, due to the kinematic condition, the Bernoulli
equation reads

|Vo[?
2 b

D¢
E—QC‘F

(16)

where { is the vertical co-ordinate, positive downwards, with { =0 on the
undisturbed water surface. In the initial phase of the impact the kinematic
contribution to the right-hand side of equation (16) is much stronger than the
gravity term, and hence the latter is usually neglected in using that equation. As an
initial condition to equation (16), ¢ = 0 is assumed on the free surface. It should be
remarked that this initial condition implies a zero tangential velocity along the free
surface and, as a consequence, the limit of the velocity field, from the free surface
inward the body, violates the impermeability constraint. This is due to the
neglected surface tension effects that would avoid the discontinuity of the normal
vector at the intersection between the free surface and the body.

The velocity potential on S and its normal derivative on Sy are determined by
solving the integral equation, obtained by applying equation (15) on the boundary
of the fluid domain S. Once the velocity potential along the body surface is known,
the dynamic pressure is computed by the unsteady Bernoulli equation.

The problem stated above is numerically solved with a scheme similar to that
employed in reference [ 10] that is briefly described in the following. The boundary
at the fluid domain is discretized with segments on which the velocity potential
and its normal derivative are assumed to be constant and equal to the value
they take at the centroid. The boundary integral equation is solved by providing
the velocity potential on the body contour and its normal derivative on the free
surface. A second order Runge-Kutta scheme is employed for the integration of
motion of midpoints on the free surface and of the velocity potential above it.
A cubic spline is used to reconstruct the vertices distribution. For the sake of
accuracy, at each time step, the panel distribution is refined in highly curved
regions.

In the potential approximation the solution of the problem is highly challenging
due to the velocity singularity occurring at the intersection between the free surface
and the body contour [24]. This singularity in the velocity field leads to the
formation of a water jet that needs a suitable procedure to be described
numerically. Some aspects of this procedure are given below but more details can
be found in reference [10] that originally suggested the model.

In a first stage of the numerical simulation the free surface is assumed to intersect
the body. Successively, a thin water jet develops, characterized by a strong velocity
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gradient normal to the body. An accurate description of the development of the jet
region would require an increasing number of elements of smaller dimensions and,
as a consequence, a dramatic reduction of the time step. For this reason when the
distance between the midpoint of the first panel on the free surface and the body
contour becomes smaller than a cut-off length, the first panel is replaced by
a straight line panel P normal to the body surface. In order to match both the body
and the free surface boundary conditions a linear variation of the velocity potential
is assumed along this panel. The tangential derivatives is equal to the normal
derivative assigned to the body contour while the velocity potential is assigned to
the free surface side.

During the time integration, whenever the first panel on the free surface beyond
P forms an angle with the body contour smaller than a limit value (usually 2°), it is
excluded and the jet truncation is moved back.

Before applying the numerical procedure to the impact of elastic systems, the
water entry of a wedge with a deadrise angle of 10° has been simulated for
a constant drop velocity. After a transient phase, in which the jet develops,
a similarity solution is achieved.

At each time step the solution of the fluid dynamic problem provides the
hydrodynamic load F) used as the forcing term of the dynamic equation when
analyzing the impact on the 2 d.o.fs elastic system. Thus, the problem is solved
coupling the equations of the hydrodynamic field and the equations of the two
elastically connected masses freely dropping into the water. The solution found
provides, at each time step, the new impacting body configuration and the
associated velocity that are used to update the boundary conditions.

Due to the treatment of the jet region, strong oscillations characterize the
slamming load and a suitable filter has been applied to the numerical results.

5. CONCLUSIONS

In this paper, the problem of the impact of an elastic system on the water is
investigated. The main point is related to a particular shock spectral approach, that
allows one to avoid a direct solution of the problem. In this way, an a priori
estimate of the elastic response of the systems in terms of the characteristic
dimensionless parameters of the phenomenon is obtained. However under some
simplified hypotheses, the comparison with both experimental and numerical
simulations confirms that the proposed analysis provides a very accurate estimate
of the elastic force excited by the water impact.

The procedure has a rather general character and it does not seem too difficult to
apply this technique to more complex structures even when described by a finite
element method.
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APPENDIX A

The basic property of the Hilbert trasform holds: #{sinpt} = — cospt.
Therefore, the analytical signal §, = g + j#{q.}, is simply

1 + oo
gr(t) = o J I(t) [sin wg(t — 1) — jcos wy(t — 7)]drt

— o0

j + o ) ] ) + o0 )
= — = J I (7) e~ dr = — = el J I (t) e ' dz

Wy — % Wy — %

which proves the required result.

APPENDIX B

Starting from the analytic signal

: + oo : + oo
Gty = — -1 e L(t) e i dr = — =L et | [, (g)e A de
Wy - » 2 f

— o0

and recalling that
fe=Rtr =12 fy/t%, 1=1r*

and

_ Fd ((—1F—1 1
Ik=F*1/2/mpIk=F*4/2/mpF7:§:)<( ; +4ﬂf[1—c052nkf;f]>

thus

+ o0
Gi(t) = — t* kAT ./2/m,,J T (R) e 2FNt d p*

J
2nk? f

- ﬁ (F* t%) 1% /2/m,, >0 F (T} .

By substituting F* t* = 20/81 mvo = 20/81 am,v, and t* = 16/15 ({* /v,) into the
previous relationship the following equation holds:

VI S ST, 2

APPENDIX C
Using the relationship

D =z D = 15
MBzﬂz—Ce<7T2P|Ce|C*=ﬂ2P|Ce|l—6Vot*
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and since
D = 16 [2om, tgp
2= *2 *=— P = =pshlL
Ti o h QL2 15\ 5mp,y vy~ T PsT
= T & &
éle <_ Z 27
R A EY

after some mathematics, one obtains

<1on<16> t\/ﬂf Z |2,

Mp| =
| Bl p0L2

where My is the non-dimensional bending moment, h is the plate’s thickness and
Po =05 p,, V3.

When z; is given in explicit form, and the frequency f; is carried under the square
root, one finally has |z, | = | %, {I;}|/k, and thus

N 15\ /7 7T Crke ) (15 Uy
1< 10% 1) 8@/1/,2 e =5(5e) g

where the shock spectral components are defined as S, = 2n f; |7, (I }|.

Z k6’

k=1

APPENDIX D

The shock spectral component needs the computation of the Fourier tranform of
the function I,. Therefore,

T I} = 7 {(_1# F.® + L_h@_ 1 Fhf(t) cos 27tk f, f},

ok 477:kfe f 477:kf;
so that
e |y Fuld
7778 — 7778 7778
Tl = ok e/’k{Fh(f)}+4 KT, " 7
110 [
4nkfe'/"{ : }*/k{cos%rkﬂt}
or
o (—1f—1 . 1 -
F _ FD )
T — " (ﬂ)+47rkfe FD(f)
1

FONT) « F > o
47zkf'/p (fi) * . {cos2nk f,T}

where prime (I) and (T) denote the inertial and the travelling contribution,
respectively. Since

F . {cos2nk 1,1} = % 02 fi —kf)+ 02 i + k )]
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S 1

Z 1)
nok T () + 4rik f,

+ Z (fi + kfo).

1
4nkf;

[

T (f) — AT (o= kT

[\

Therefore, the final expression is

~ —1 15 1
oo T = | LSO G+ e ST

nok
1 [sm (Ji+kJ) , 57 (= kﬁ)}‘
Snkf. | 1+ 7/ (K2 F) 1 —T./(K*Fy)

leading to the natural definitions of the complex inertial shock spectrum S and
travelling shock spectrum S:

SO(p) = 2mpF (Fih S (p) = 2mpF (Fuf) () = j () e~ d

— 0

APPENDIX E
Sile, 1. 1) = ‘% SO T kf SO (i)
! [s i+ ko, 87 (- kﬂ)}
8k fo | 1+ f/(*f1) ~ 1 —F/(k*f1) ||
§ovk(d, ]71:/76) = ‘% ggI)/ (ﬁc)
1 507y — [§<T>(ﬂ+kf SO (F, —ka
B 4nk] () 8nkf L+1 /K2 F) 1 =T )k T
o [15 ﬂ < S, - (15 J c Sovi
|MB| 5<16> @j; kgl F: |MBOV| - <16> t 7 Z k6 s

|May| =4 (|Mpov| + | Mp)).

APPENDIX F

A rough estimate of 6 due to the combined effect of the inertial and pressure loads
is obtained. They can be assimilated to pulse actions of characteristics time
duration t*, at least when the structure natural period is large than t* (i.e., if f; < 1).



ELASTIC SHOCK IN WATER IMPACT 605

The plate deflection under an inertial load of amplitude F*/L, accounting only
for the first mode response, is

2 /2 F*r* .
(i ” \/m:p m O, (x)sin (27 f; 1),

thus

0; ma| o 00 — 20 O max | e o€ =2
. — _— = : = - .
imax|x=0 ampflL imax | x=0 f1 L
The pressure load is assimilated again to an impulse of amplitude F* of time
duration t* applied at the abscissa v,t* (the bound of the wetted area at the instant

in which the maximum force occurs). By assuming only the first mode response at
the beam midpoint, the maximum elastic deflection due to the pressure load is

2 F*t* | [mv, t* .
{ep= /m—p 2T, sm< i3 )@1(x)sm(2nf1 f).

When f, « 1 (see condition (ii)), the following approximation holds: sin (v, t* /2 L)
~r v, t*/2L. After some mathematics one has

oo Vet*
meax oC L—ﬂ I3 .

Since the inertial and the pressure loads act in opposite direction, the total slope
is estimated as

Omax = 0i max — 0 =|ld—F = ——|-

max | i max pmax| ‘O‘Lfl L flL

Thus, the applicability of the developed analysis is subjected to the condition
Gmax<<ﬁ = fe | 1 — O‘f;l <<J71'
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